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Abstract
The univariate generalized Waring distribution (UGWD) is presented as a new model to describe the goodness of fit, applicable 

in the context of agriculture. In this paper, it was used to model the number of olive groves recorded in Spain in the 8,091 munici-
palities recorded in the 2009 Agricultural Census, according to which the production of oil olives accounted for 94% of total output, 
while that of table olives represented 6% (with an average of 44.84 and 4.06 holdings per Spanish municipality, respectively). 
UGWD is suitable for fitting this type of discrete data, with strong left-sided asymmetry. This novel use of UGWD can provide the 
foundation for future research in agriculture, with the advantage over other discrete distributions that enables the analyst to split the 
variance. After defining the distribution, we analysed various methods for fitting the parameters associated with it, namely estima-
tion by maximum likelihood, estimation by the method of moments and a variant of the latter, estimation by the method of frequen-
cies and moments. For oil olives, the chi-square goodness of fit test gives p-values of 0.9992, 0.9967 and 0.9977, respectively. 
However, a poor fit was obtained for the table olive distribution. Finally, the variance was split, following Irwin, into three compo-
nents related to random factors, external factors and internal differences. For the distribution of the number of olive grove holdings, 
this splitting showed that random and external factors only account about 0.22% and 0.05%. Therefore, internal differences within 
municipalities play an important role in determining total variability.

Additional key words: table olive; oil olive; agricultural holdings; Waring distribution; estimation.
Abbreviations used: L (liability); MF12 (method of one equation of moments and two relations between frequency); MF21 

(method of two relations between moments and one equation of frequency); MLE (method of log-likelihood optimisation); MM3 
(method of the three relations between moments); P (proneness); R (randomness); UGWD (Univariate Generalized Waring 
Distribution).

Citation: Huete, M. D.; Marmolejo, J. A. (2016). Modelling the number of olive groves in Spanish municipalities. Spanish 
Journal of Agricultural Research, Volume 14, Issue 1, e0201. http://dx.doi.org/10.5424/sjar/2016141-7687.

Received: 12 Mar 2015 Accepted: 20 Jan 2016
Copyright © 2015 INIA. This is an open access article distributed under the terms of the Creative Commons Attribution-Non 

Commercial (by-nc) Spain 3.0 Licence, which permits unrestricted use, distribution, and reproduction in any medium, provided the 
original work is properly cited.

Funding: This research is financed by Vice-Rector’s Office for Political Science and Research-University of Granada, through 
the project “Social-Labour Statistics and Demography” (30.BB.11.1101) at the Faculty of Labour Sciences.

Competing interests: The authors have declared that no competing interests exist.
Correspondence should be addressed to María-Dolores Huete-Morales: mdhuete@ugr.es

Introduction

The question of olive production has aroused much 
interest in Spain and other areas, as olive oil (espe-
cially virgin oil) is the cornerstone of the Mediterra-
nean diet; its consumption has been associated with a 
lower risk of cardiovascular disease (Fernández-Jarne 
et al., 2001), obesity, metabolic syndrome, type 2 dia-
betes and hypertension. Moreover, it reduces the risk 
of cancer (López-Miranda et al., 2010) and ageing by 
inhibiting oxidative stress (Owen et al., 2000; Gimeno 
et al., 2002).

Spain is the world’s largest producer of olive oil, 
and the province of Jaén (in the south of the Iberian 

Peninsula) contains the country’s highest concentration 
of olive groves, producing more oil than Italy, the sec-
ond largest producer country. The most abundant vari-
ety in Jaén is Picual, although other varieties, such as 
Royal, Arbequina and Cornicabra, are also grown. 
According to the Ministry of Agriculture, Food and 
Environment (MAGRAMA, 2012), of the total olive 
production in Spain, 94% is used for olive oil and 6% 
for table olives. In the production of olive oil, 41% 
originates in the province of Jaén, 21% in Córdoba and 
6% in Sevilla. Table olives are mainly grown in Se-
villa (57%), followed by Córdoba and Badajoz, each 
with 12.5% of national production. Regarding exports, 
the International Olive Council reported that by the end 
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was later fitted by Irwin (1968) by a univariate gener-
alized Waring distribution, improving on the results 
obtained by Newbold (1926). Since then, this distribu-
tion has been used, independently of the theory of 
accidents (Irwin, 1963; Xekalaki, 1983c), in fields such 
as biology (Irwin, 1968), reliability theory (Xekalaki, 
1983a), library science (Boxenbaum et al., 1987), com-
puter science (Wolfran, 2003), psychiatry (Canal & 
Micciolo, 1999), medicine (Kemp, 2001) and linguis-
tics and economics (Kendall & Stuart, 1969). How-
ever, it has never been applied in studies related to 
agriculture, as in the present paper. To the best of our 
knowledge, no previous application has been made of 
this distribution in the agricultural context, and there-
fore this study makes a novel contribution that may be 
useful for future research. Thus, we present the uni-
variate generalized Waring distribution as a useful tool 
in this area of study. Let us note that the exploratory 
data analysis performed justifies the use of the Waring 
distribution with respect to the variable number of olive 
holdings registered in Spain. We compared parameter 
estimation methods and determined which methods 
allowed us to split the variance of this distribution into 
three components. This approach opened up a range of 
possibilities that are not possible with other distribu-
tions.

Material and methods

The micro-data used in this study were obtained 
from the Agricultural Census (INE, 2009). This Cen-
sus provides detailed information on the crops grown 
on all Spanish agricultural holdings, broken down 
by municipalities, thus supplying the information 
necessary for this study. We obtained maps of shape-
files for Spain, for the corresponding municipalities, 
using polygons, with the ETRS89 UTM 30N coor-
dinate system (ESRI Map Service, http://www.arcgis.
com/). Maps, graphs and distribution fitting were 
obtained using R free software (https://www.r- 
project.org/) and the GWRM package (Sáez-Castil-
lo et al., 2010), together with SPSS 20.0 to adapt the 
data and export them to R. In the following, we 
define the Waring distribution and describe the fit-
ting methods used.

Waring distribution

A random variable X follows a univariate general-
ized Waring distribution (UGWD (a, k; ρ)), with pa-
rameters a, k and ρ, when it has the following probabil-
ity mass function:

of the 2012/2013 season, Spain had exported 728,621 
tonnes of olives/olive oil, Italy 932,000 tonnes and 
Greece 229,137 tonnes.

Some of the distributions used to model discrete data 
are well known. The most commonly used is the Pois-
son distribution, which is simple to use and is widely 
applied. However, it underestimates the variance due 
to the phenomenon of dispersion; to overcome this 
problem, mixture distributions have been proposed, 
such as the negative binomial distribution, derived from 
mixing the Poisson and Gamma distributions. Another 
mixture, which has been applied to address issues in 
the field of ecology (Katti, 1966) is the Poisson-beta 
distribution. In the present study, we propose to apply 
the Waring distribution (a mixture of the negative bi-
nomial and beta distribution) to discrete data obtained 
in the agricultural context.

The generalized Waring distribution (Irwin, 1968, 
1975) is a discrete distribution on non-negative inte-
gers. This distribution belongs to the Kemp type 4 
family of distributions, and has an analogous continu-
ous distribution, which in general is Pearson type 6, 
although in special cases it may be Pearson type 3, 4 
or 5. It is infinitely divisible, self-compensating as 
defined by Danial (1988) and is a distribution “in limit 
terms”, complete (Xekalaki, 1983b). This distribution 
can be considered a particular balance distribution (Fer-
reri, 1984), and efficient algorithms have been created 
for it by which random variables can be generated for 
Sibuya’s digamma and trigamma distributions (Dev-
roye, 1992), as have applications in stochastic aggrega-
tion models (Duerr & Dietz, 2000). Sarabia & Castillo 
(2003) proposed two multivariate extensions of this 
distribution: one by means of the Sarmanov-Lee dis-
tribution with beta marginal, and the other using the 
concept of the conditional specification of distributions. 
Finally, Rodríguez-Avi et al. (2003) studied different 
parameter estimation methods based on moments and/
or frequencies for Gauss’ family of hypergeometric 
distributions, while they (Rodríguez-Avi et al., 2007) 
presented an example with which they compared the 
results obtained applying the maximum likelihood 
method to the negative binomial distribution, the uni-
variate generalized Waring distribution and the ex-
tended Waring distribution, the latter being a tetra-
parametric univariate distribution generated by Gauss’ 
hypergeometric function. This includes the generalized 
Waring distribution, as a combination of the negative 
binomial distribution and the beta type 1 generalized 
distribution.

The generalized Waring distribution has been applied 
in many scientific fields. Newbold (1926) reported that 
the distribution of accidents to workers in a soap fac-
tory fitted a negative binomial distribution. This result 
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(r +1)2 + (a + k + ρ −1)(r +1)( )βr+1 −
− r 2 + r(a + k)+ ak( )βr = 0  

∀r = 0,1,2, ... and where βr is the r-th probability. As-
suming r = 0, we obtain the first relation, which is added 
to the first two equations between moments (Eq. [2]). 
This approach enables us to obtain â,  k̂ and ρ̂ :

α1(a + k + ρ −1)−α1(a + k)− ak = 0
α 2(a + k + ρ −1)− (α 2 +α1)(a + k)− (α1 +1)ak =α 2

β1(a + k + ρ −1)− β0ak = −β1  

[3]

Another possibility is the method of one relation 
between moments and two between probabilities 
(MF12). However, careful analysis shows that this 
method does not provide acceptable results and does 
not provide a good fit; therefore, it should not be used 
to estimate the parameters of this distribution.

Variance decomposition 

The r-th factorial moment of the generalized Waring 
distribution is given by the following expression:

 
µr =

a(r )k(r )
(ρ −1)(ρ − 2)...(ρ − r)   

It is immediately obtained that all the moments of 
order r (central moment about the mean) are infinite if 
ρ ≤ r, in other words, the mean is finite if ρ > 1 and the 
variance is finite if ρ > 2. The mean and variance are 
expressed as follows:

 

µ1 =
ak
ρ −1

, ρ >1

σ 2 = µ2 =
ak(ρ + a −1)(ρ + k −1)

(ρ −1)2  (ρ − 2)
, ρ > 2

 

Irwin (1968) obtained the following partition of 
the variance, when the latter is finite (ρ > 2), into 
three components; the first of these (σ R

2 ) corresponds 
to random factors, the second (σ λ

2 ) , to the variabil-
ity due to external factors that affect the population 
(liability) and the third (σ λ

2 ), to the differences in 
the internal conditions of the individuals (prone-
ness):

 

σ 2 =σ R
2 +σ λ

2 +σ v
2 = ak

ρ −1
+

+ ak(k +1)
(ρ −1)(ρ − 2)

+ a
2k(ρ + k −1)

(ρ −1)2 ρ − 2( ) , ρ > 2
 

 
f (r) = P X = r{ } = ρ(k )

(a + ρ)(k )

a(r )k(r )
a + k + ρ( )(r )

1
r!

 
[1]

where r = 0,1, ... , a, k, ρ > 0 and x(r ) =
Γ(x + r)
Γ(x)

, x > 0, 

r ∈ ℝ being Γ (.) the gamma function. The probability 
generator function of X has the following expression:

 
G(s) =

ρ(k )

(a + ρ)(k )
2 F1 (a,  k; a+ k +ρ;  s)

 

where 2F1 (a, b; c; d) is Gauss’ hypergeometric func-
tion. 

Parameter estimation: method of moments

With α = a; β = k; γ = a + k + ρ; λ = 1 (a, k ∈ ℝ; 
ρ > 0) we obtain the probability generator function of 
the univariate generalized Waring distribution:

 
g(t) = 2F1 (a,  k, a +  ρ +1,  t)

2F1 (a,  k, a +  ρ +1,  1)  

Let us focus on determining the parameters of this 
distribution; using the method of moments, via the 
recurrence relation among moments with respect to the 
origin (Marmolejo-Martín, 2003), for the discrete dis-
tributions in the system, that is:

 

α h+2 + (a + k + ρ −1)α h+1 −
h
m

⎛
⎝⎜

⎞
⎠⎟m=0

h

∑
(α (m+2) + (α + k)α (m+1) +αβαm ) = 0

 
Therefore, we have the following system of three 

equations and three unknowns:

α1(a + k + ρ −1)−α1(a + k)− ak = 0
α 2(a + k + ρ −1)− (α 2 +α1)(a + k)− (α1 +1)ak =α 2

α3 a + k + ρ −1( )+ α3 + 2α 2 +α1( ) a + k( )−
− α 2 + 2α1 +1( )ak = 2α3 +α 2

[2]

After calculating the first non-centred moments (α1, 
α2, α3), â,  k̂  and ρ̂  are obtained by resolving [2].

Parameter estimation: two relations between 
moments and an initial relation between 
probabilities

An alternative to the method of moments is to con-
sider the relation between probabilities, extracted from 
the following equation:
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The type of data analysed presents very high fre-
quencies for the first categories of the variable, but 
these decrease very rapidly to residual levels for the 
higher classes. Regarding table olives, we recorded 
an average of 4.06 holdings per municipality, with a 
coefficient of asymmetry of 12.86 (the third quartile 
had a value of 1), and so the distribution of this vari-
able can be considered highly asymmetric. The same 
situation was found for oil olive production, with a 
mean of 44.84 holdings per municipality and an asym-
metry of 7.94, although the value of the third quartile 
was 26. The frequency distribution is illustrated in 
Fig.2. A discrete distribution must be used to fit this 
type of data in order to reflect the asymmetry that is 
present.

de Córdoba (2,438), and the majority of these 472 
towns are in the provinces of Jaén, Córdoba and Gra-
nada, in southern Spain. This type of olive production 
is more widespread in Spain than that of table olives. 
The maps of the spatial distribution of the two activi-
ties (Fig. 1) show that table olive-related production 
is located mainly in the southern half of the Iberian 
Peninsula.

Results

Exploratory analysis

The frequency observed for the discrete variable 
(table olive and oil olive holdings) is shown in Table 1. 
We analysed the 8,091 Spanish municipalities listed 
in the 2009 Agricultural Census on land use (with 
respect to crops). As shown in the frequency table, 
most municipalities contain very few or no agricul-
tural holdings for the production of table olives; how-
ever, 28 Spanish municipalities contain more than 200 
such holdings. The municipalities with the highest 
numbers of these holdings are Arahal (618), Carmona 
(520) and Marchena (445), all located in the province 
of Sevilla, in southwest Spain. Regarding the produc-
tion of oil olives, approximately half of all Spanish 
municipalities contain at least one holding, while 472 
municipalities have more than 200. The largest num-
bers of such holdings are found in the municipalities 
of Martos (2,941), Alcalá la Real (2,572) and Priego 

Table 1. Observed frequency of table and oil olive holdings 
in Spanish municipalities

Number Table 
olive

Oil 
olive Number Table 

olive
Oil 

olive 

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

5304
879
471
288
202
145
129
91
61
46
41
40
28
22
22
22
20
18
6
8
9
9

10
10
6
4
2

3932
483
207
145
136
103
92
79
85
83
71
54
64
58
54
55
44
30
37
40
43
32
39
27
40
32
30

27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49

[50-100)
[100-200)

200+
Total

6
3
5
4
4
5
1
3
3
5
3
4
1
1
2
2
2
1
0
0
4
0
2

63
46
28

8 091

28
32
28
18
16
30
21
21
21
20
26
23
16
17
22
21
15
16
16
19
22
8

14
586
468
472

8 091

Level (Table Olive)
0 
(0,1] 
(1,25] 
(25,100] 
+100

Level (Oil Olive)
0 
(0,1] 
(1,25] 
(25,100] 
+100

a)

b)

Figure 1. Distribution of the number of table olive (a) and oil 
olive (b) holdings in Spanish municipalities.
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Waring distribution adjustment

The system of equations [2] and the system [3] were 
implemented in R. Table 2 shows the results obtained after 
fitting the UGWD, applying the method of three relations 
between moments, MM3, two equations of moments and 
one equation of frequency, MF21, and using log-likeli-
hood optimisation, MLE (a Newton-type algorithm), 
which was implemented using the GWRM package of R.

The expected values according to the different esti-
mation methods are shown in Table 3 and Fig. 3. Due 
to the large number of cases, only the first 15 are shown. 
In cases where ρ̂ > 2, the variance can be split (follow-
ing Irwin) into three factors: randomness, liability and 
proneness (Table 4). This is a major advantage of the 
Waring distribution over other discrete distributions. 

0 
50

0 
10

00
 

15
00

 
20

00
 

25
00

 
30

00

Table Olive Oil Olive

Figure 2. Box plot of the distribution of olive holdings in Span-
ish municipalities: both distributions are highly asymmetric, but 
especially that for oil olives.

Table 2. Fitting methods for olive holdings: parameters estimated using the method of three 
relations between moments (MM3), two equations of moments and one equation of frequency 
(MF21) and log-likelihood optimisation (MLE) and chi-square goodness of fit test for discrete 
data: statistic value and p-value (good fit is highlighted in bold).

Parameter (â, k̂, ρ̂ ) χ2 statistic χ2 p-value

Table olive (MM3)
Oil olive (MM3)

(1576.641; 0.0319; 13.3705)
(2318.7957; 0.1214; 7.2804)

5191.5
412.1

< 0.0001
0.9967

Table olive (MF21)
Oil olive (MF21)

(27.9398; 0.1801; 2.2385)
(2138.3544; 0.1232; 6.8775)

403.6
408.5

< 0.0001
0.9977

Table olive (MLE)
Oil olive (MLE)

(3.6491; 0.2402; 1.0815)
(2101.1182; 0.1267; 6.9443)

187.7
399.8

0.0071
0.9992

Table 3. Observed frequencies for olive holdings in Spanish municipalities (only the first values) and estimated frequencies us-
ing the method of three relations between moments (MM3), two equations of moments and one equation of frequency (MF21) 
and log-likelihood optimisation (MLE).

Var. 
value

Table olive Oil olive

Observed MM3 MF21 MLE Observed MM3 MF21 MLE

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14

5304
879
471
288
202
145
129
91
61
46
41
40
28
22
22

6940.0
219.3
112.2
75.4
56.6
45.3
37.7
32.2
28.0
24.8
22.2
20.1
18.3
16.8
15.5

4905.9
813.0
442.7
297.7
219.5
170.6
137.2
113.1
94.9
80.8
69.6
60.6
53.1
47.0
41.7

5297.4
934.3
451.1
273.0
184.5
133.4
101.1
79.2
63.8
52.5
43.9
37.2
32.0
27.8
24.3

3932
483
207
145
136
103
92
79
85
83
71
54
64
58
54

3986.9
482.6
269.8
190.2
147.9
121.5
103.4
90.1
80.0
72.0
65.4
60.0
55.4
51.5
48.1

3955.2
485.9
272.0
191.9
149.3
122.7
104.5
91.1
80.8
72.7
66.1
60.7
56.0
52.1
48.7

3890.7
491.2
275.8
194.9
151.8
124.9
106.3
92.8
82.4
74.1
67.4
61.9
57.2
53.2
49.7
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Discussion 

The quality and health benefits of Spanish olive oil 
are unarguable (Barranco et al., 2008) and this product 
is an essential element of the Mediterranean diet (Anta 
et al., 2005). Spain is the world’s largest producer of 
oil olives (Lambarraa et al., 2007) and an extensive 
land area is dedicated to its cultivation; thus, olive 
groves form part of the landscape. From the economic 
standpoint, this industry is of vital importance; in ag-
ricultural production, it is second only to intensive 
horticulture (Sayadi et al., 2012). Hence, the impor-
tance of extending the knowledge and understanding 
of the tools that enable in-depth analysis of this type 
of agricultural production.

Other types of distribution have previously been 
applied in agricultural research. In particular, bino-
mial distribution, negative binomial distribution, Pois-
son distribution and mixture models are well known 
and have been used in numerous studies, in areas as 
diverse as counting dung patches (Monton & Baird, 
1990), crop quantities and farms (Ridout et al., 1998; 
Kim et al., 2005; Bravo et al., 2006; Paxton et al., 
2011), species (Royle, 2004; Brotons et al., 2005; Kery 
et al., 2005), and the number of food groups consumed 
(Hirvonen & Hoddinott, 2004), etc. Although the War-
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Figure 3. Observed and fitted distribution of olive holdings in Spain (for clarity, only the first values), showing the method of three 
relations between moments (MM3), two equations of moments and one equation of frequency (MF21) and log-likelihood optimisa-
tion (MLE). 

ing distribution model is relatively unknown for stud-
ies based on discrete data, it is in fact very suitable for 
this application. The Waring distribution is valid when 
the frequency of occurrence is very low, as is the case 
with the distribution of olive holdings.

Several methods can be used for estimating the 
UGWD (a, k; ρ) parameters, including maximum like-
lihood, the method of moments and methods based on 
the relations between moments and frequencies. The 
results obtained by the method of moments show that 
the distribution is virtually biparametric, as the value 
of k is practically zero in most cases. Rodríguez-Avi et 
al. (2003) obtained a value of k̂ <0.067 using the data 
reported by Beal & Rescia (1953) and by Katti & Gur-
land (1961). Canal & Micciolo (1999) also obtained 
values of 0.476 and 0.720 in the fits obtained k̂  for 
patients’ psychiatric records.

The methods we recommend produce similar re-
sults, although the method of two relations between 
moments and one for frequencies (MF21) produces a 
good fit and good estimates of the parameters, and 
presents a significant advantage over the maximum 
likelihood method, namely its speed of calculation; 
numerical resolution methods are not needed, since 
the equations to be solved to apply this method do not 
require them. 

Table 4. Breakdown of the variance according to the method used to estimate olive holdings in Spanish municipalities: method 
of three relations between moments (MM3), two equations of moments and one equation of frequency (MF21) and log-likelihood 
optimisation (MLE). Randomness (R), liability (L) and proneness (P), only for the methods in which the variance is finite, ρ̂.

Method
Table olive Oil olive

R L P Total R L P Total
MM3
MF21
MLE

4.06
4.06

–

0.37
20.09

–

564.72
544.99

–

569.15
569.14

–

44.83
44.83
44.78

9.52
10.32
10.21

20,070.57
20,069.76
19,437.99

20,124.92
20,124.91
19,489.98
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This split, as observed above, is a major contribution 
of the Waring distribution, and one that is not provided 
by other distributions. We show that the variability 
arising from external factors, among groups of mu-
nicipalities, is very high. It is in this case that we might 
consider including explanatory variables in the model 
and applying a Waring regression model.
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